Critical theories for the pseudogap Kondo problem by Fritz, Lars et al.
ar
X
iv
:c
on
d-
m
at
/0
40
63
18
v1
  [
co
nd
-m
at.
str
-el
]  
14
 Ju
n 2
00
4
Critical theories for the pseudogapKondo problem
Lars Fritz, Marijana Kirc´an, and Matthias Vojta
Institut fu¨r Theorie der Kondensierten Materie, Universita¨t Karlsruhe, 76128 Karlsruhe, Germany
Abstract
We discuss quantum phase transitions in the pseudogap Kondo problem, which describes a magnetic moment
coupled to conduction electrons with a power-law density of states, ρ(ω) ∝ |ω|r. We show that different perturbative
expansions, together with renormalization group techniques, provide effective low-energy field theories for the
relevant critical fixed points. In particular, we review expansions near the lower-critical and upper-critical dimensions
of the problem, being r = 0 and r = 1, respectively.
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The pseudogap Kondo problem [1,2,3] has attracted
substantial attention in recent years, due to the pres-
ence of a non-trivial quantum phase transition between
an unscreened and a screened moment as function of
the Kondo coupling. This phase transition, character-
ized by universal local-moment fluctuations and local
non-Fermi liquid behavior, is a paradigmatic example
for local quantum criticality.
The problem can be formulated in the language of
either a Kondo or an Anderson impurity model:
HK = JKS · s0 +Hb, (1)
HA = ǫ0f
†
σfσ + U0nf↑nf↓ + V0(f
†
σc0σ + h.c.) +Hb,
where JK is the Kondo coupling, S the impurity spin,
s0 the spin of the conduction electrons at the impurity
site, ǫ0 the impurity energy, V0 the hybridization and
U0 the on-site repulsion. The fermionic bath is repre-
sented by
Hb =
∫ Λ
−Λ
dk|k|rk c†kσckσ, (2)
with a density of states following a power law at low
energies, ρ(ω) ∝ |ω|r (r ≥ 0). The above models can,
e.g., describe impurity moments in unconventional su-
perconductors or in semimetals.
Numerical work [2] has mapped out the phase dia-
grams of the above models and uncovered a rich fixed
point structure, which depends on the bath exponent
r and the presence/absence of particle-hole (p-h) sym-
metry. Recent analytical progress [4,5] allowed to iden-
tify the low-energy effective field theories for both the
p-h symmetric and asymmetric critical fixed points.
Three different ǫ-type expansions, with the small pa-
rameters being r, (1/2−r), and (1−r), can be used
to determine the universal critical properties. Interest-
ingly, r = 0 and r = 1 play the roles of the lower-critical
and upper-critical dimensions of the problem, imply-
ing that strong hyperscaling properties are obeyed near
the phase transition for 0 < r < 1.
We briefly summarize the main results. In the p-h
symmetric case a phase transition occurs at a critical
Jc for 0 < r < 1/2 only. For small r, this transition can
be accessed from the weak-coupling limit of the Kondo
model, using a generalization of Anderson’s poor man’s
scaling. The flow of the renormalized Kondo coupling
j is given by the beta function
β(j) = rj − j2 , (3)
and an unstable fixed point exists at j∗ = r.We see that
the Kondo coupling is marginal at the lower-critical di-
mension r = 0, and the expansion is controlled by the
small parameter r. For r near 1/2 the p-h symmetric
critical fixed point moves to strong Kondo coupling,
and the language of the p-h symmetric Andersonmodel
[5] becomes more appropriate. Expanding in the renor-
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malized hybridization v and on-site interaction u, the
flow equations
β(v) = −
1− r
2
v + v3 ,
β(u) = (1− 2r)u−
3(π − 2 ln 4)
π2
u3 (4)
capture various fixed points; notably the RG equation
for v is exact to all orders [5]. For r < 1/2 a stable fixed
point is at v∗2 = (1 − r)/2, u∗ = 0, which represents
nothing but the physics of the non-interacting resonant
level model with a power-law density of states – inter-
estingly, the impurity spin is not fully screened for r >
0, and the residual entropy is 2r ln 2. This fixed point
is identical with the symmetric strong-coupling fixed
point of Gonzalez-Buxton and Ingersent[2]; it becomes
unstable for r > 1/2. Additionally, for r < 1/2 there is
a pair of critical fixed points located at v∗2 = (1−r)/2,
u∗2 = π2(1 − 2r)/[3(π − 2 ln 4)]. These describe the
transition between an unscreened (spin or charge) mo-
ment phase and the symmetric strong-coupling (i.e.
screened) phase. Importantly, both (3) and (4) capture
the same critical fixed point. Using (4), the expansion
is performed around the strong-coupling fixed point,
and is valid for u∗ ≪ 1, i.e., for 1/2 − r ≪ 1.
In the p-h asymmetric case a phase transition oc-
curs for all r > 0; here the strong-coupling phase is
maximally p-h asymmetric and corresponds to a fully
screened spin for all r. Remarkably, for 0 < r < r⋆ ≈
0.375 p-h symmetry is dynamically restored at the
phase transition, and the critical properties are de-
scribed by the expansions discussed above. For r > r⋆
there exists an additional critical fixed point with finite
p-h asymmetry, and its properties are best discussed
using an infinite-U0 Anderson model [5]. Expanding
around the v = 0, ǫ = 0 limit (ǫ: renormalized on-site
energy), one finds the flow equations
β(v) = −
1− r
2
v +
3
2
v3 ,
β(ǫ) = −ǫ+ 3v2ǫ− v2 , (5)
with a critical fixed point v∗2 = (1− r)/3, ǫ∗ = −(1−
r)/3 for r < 1, and v∗ = ǫ∗ = 0 for r > 1. Note that
the flow is very similar to the one of a φ4 model, with
(1−r) playing the role of (4−d), as the Andersonmodel
hybridization is marginal at r = 1. Clearly, the critical
fixed point is interacting for r < 1 (the analogue of
the Wilson-Fisher fixed point), whereas for r > 1 we
have a level crossing with perturbative corrections (the
analogue of the Gaussian fixed point). This justifies
to identify r = 1 with the upper-critical dimension
of the problem. RG analysis has shown that all fixed
points presented above are stable with respect to spin
anisotropies.
We have used these three ǫ-type expansions together
with renormalized perturbation theory to determine
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Fig. 1. NRG data for the correlation length exponent ν at the
symmetric (squares) and asymmetric (triangles) critical points
together with analytical results from the three perturbative
RG expansions described in the text.
the critical properties near the quantum phase transi-
tions, such as the impurity and local susceptibilities,
the impurity entropy, and T -matrix [4,5]. In Fig. 1 the
correlation length exponent ν obtained by perturbative
RG is compared with NRG results. This exponent de-
scribes the vanishing of the characteristic energy scale
T ⋆, above which critical behaviour occurs, upon tuning
the system through the transition: T ∗ ∝ |JK−Jc|
ν . At
the symmetric critical fixed point ν diverges for both
r → 0+ and r → 1
2
−
.
Let us briefly mention our result for the conduc-
tion electron T -matrix, describing the scattering of
the c electrons off the impurity. At criticality it fol-
lows a power law T (ω) ∝ 1/ω1−ηT . One finds the ex-
act result ηT = 1 − r for r < 1, i.e., for all interact-
ing fixed points considered above the T -matrix follows
T (ω) ∝ ω−r. This perfectly agrees with NRG calcu-
lations. Furthermore, at the upper-critical dimension
we find ℑm T (ω) ∝ 1
ω| logω|2
– this applies, e.g., to a
Kondo impurity in a d-wave superconductor.
To summarize, we have analyzed quantum phase
transitions in the pseudogap Kondo problem using dif-
ferent RG expansions. We have identified the relevant
degrees of freedom at the corresponding critical fixed
points which allow us to perform expansions around
marginally relevant operators in the respective r-range.
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